The potential gain of luminosity by both focusing and colliding e+e-beams in an underdense plasma is investigated. We first suggest the possibility of creating the plasma by the beam self-induced "tunneling ionization" of a gas. We then study the beam optics in the continuous focusing environment provided by the plasma, and the subsequent e + -e beam-beam interaction in the same plasma. When applied to a range of beam parameters based upon the present SLC conditions, we find that a gain by more than a factor 10 in luminosity is possible. The sensitivity of various non-ideal situations is discussed. Since the proposal of the self-focusing plasma lens,r-which uses the transverse wake field of a bunched relativistic charged-particle beam in a plasma, and promises a very strong focusing-there has been substantial progress on the concept. On the theory side, the aberrations from the nonlinear focusing force in an overdense plasma (i.e., the beam peak density nb is much less than the ambient plasma density nP) has been studied in detail. 2 More recently, inspired by the concern over the potential backgrounds due to the high concentration of plasma ions near the interaction region in a collider, underdense plasma lens3T4 and its induced asymmetric beam-beam interactions was investigated.3 The existence and the behavior of this self-focusing effect has been experimentally verified at the Argonne National Laboratory5 and in Japan.'
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Although the thick-lens corrections to the thin-lens assumption of plasma lenses have been calculated earlier, 2f3 the plasma lens concepts have been limited to be a discrete focusing element (the focal length is assumed to be much longer than the plasma lens thickness), before the proposal of the adiabatic focusing concept.7 It is suggested that by adiabatically focusing the beam and by avoiding the drift space between the lens and the focal point, the well-known Oide limit' can be avoided. It is evident that in this scheme, the beams have to collide within the plasma, but the issue was not discussed in Ref. 7 .
For the maximum gain of luminosity at the expense of somewhat larger backgrounds, it is conceivable to both focus and collide the e+e-beams in a plasma. In this setting, the incoming beam is intense enough to trigger ionizations that turns a gas into a plasma. This is particularly attractive in that an externally induced plasma at high densities is nontrivial. The possibility that the high-energy, highintensity beam induces both self-ionization and self-focusing greatly simplifies the scheme, thus making the practical application for high-energy experiments more 2 I :
plausible. Notwithstanding, in this approach the beam-beam interaction inside the plasma still provides an effective disruption, which further pinches the beams.
There are basically two ionization mechanisms that can be provided by a high intensity, high energy beam. First, there is the collisional ionization, where an individual beam particle ionizes the atom by a virtual photon exchange. The cross section can be estimated via the photo-ionization cross section, using the Weiszacker-Williams spectrum. For hydrogen atoms ionized by a 50 GeV electron, a; -0.22 Mb. The fraction of atoms that can be ionized through this mechanism by an incoming beam with N particles and size or is Ri = Noi/4roF. For the Stanford Linear Collider (SLC) beams, ur N lprn and N N lOlo, so Ri is only of the order of a few percent, which is far from saturation. One therefore needs to have a gas which is l/Ri times denser to provide the necessary amount of plasma. This is not desirable from the backgrounds point of view. In addition, the nonsaturation of ionization also causes the tail of the beam to encounter a higher concentration of plasma than that seen by the head of the beam. This degrades the beam optics.
There is another ionization mechanism that relies on the collective field of the beam. When an external electric field is strong enough so that the atomic Coulomb potential is sufficiently distorted, there is a finite probability that the bound state electron can tunnel through the potential barrier and become free. For hydrogen atoms, the ionization probability (per unit time) is given by': a5c mc2 The maximum collective electric field strength in a bi-Gaussian beam can be calculated to be eEmax/mc2 N reN/2aZar, where re is the classical electron radius.
A maximum field strength of 3. Simulations have shown that nb w 2np is needed to produce linear focusing over most of the bunch.4
We start with the the familiar third-order linear differential equation for the ,&function,
In the underdense plasma regime, the focusing strength K is determined by the density of the plasma: I/; = 2m,np/y. Let the plasma density be determined by 
where cn is the normalized emittance.
Here, we also introduce the phase space density <, which measures the beam density in the three-dimensional beam volume of r, r', z, and plays a central role in the physics of the self-focusing plasma lens.
To solve Eq. (2) that the aberrations due to a thin-plasma lens can be described by an aberration power P that transforms the Twiss parameters as cy = as/P, ,0 = PO/P, E = COP, and a* = (ao + Po/f)/P, w h ere the aberration power is defined by
Here f is the focal length and 6 is the effective total divergence-increase due to the T and z variations in K. By grouping all the position dependent effects under P, this treatment recovers an effective focusing strength that is independent of (r, z).
From the simulations in Ref. 4 , it is estimated that 6 21 0.28 for a mildly underdense lens for positron focusing. We see from Eq. (7) that the aberration is more severe when the focusing is stronger, since in that case the focal length is shorter. 
Having the optics for the electron and the positron beams described, next we look into the physics of beam-beam interaction inside a plasma. The disruption effect due to the mutual pinching between the colliding e+e-beams in vacuum has been studied in details in the past. l"yll In the situation where the e+e-beams
.-collide inside a plasma, the mechanism is in principle different. When the two colliding beams overlap, the total beam current is increased; thus we expect an increase of the "return current" induced in the plasma. In principle, the return current acts to reduce the self-focusing effect and the mutual beam-beam pinching.
However, one important underlying assumption which makes the concept of plasma self-focusing possible is that the initial beam transverse size is much smaller than the plasma wavelength' : or0 << X,(X, = ds). In this regime, the plasma The shortness of the bunch is essential to the success of applying our scheme to SLC for three major reasons; First, given the constraints on other beam parameters, which is usually harder to be improved, one should minimize the bunch length in order to raise the beam collective field beyond the tunneling ionization threshold. Second, with the densest possible incoming beam, the matching I :
plasma density can be raised to provide the strongest possible focusing and smallest-possible /3*. Finally, having the /3* sufficiently reduced, one also likes to have the bunch length sufficiently short, such that the further luminosity enhancement from beam-beam disruption is not damped due to the depth of focus effect12 when A E CT,/@* 2 1.
With the above choice of beam parameters, we fix the plasma density by letting 77 = l/2. The corresponding plasma densities are nP = 2.4,3.2,4.0 x 1018 cmw3, respectively. Other relevant physical parameters can be derived, and are listed in Table 1 . The disruption parameter in the absence of plasma, Do = r,u,N/rc$$, ranges from 0.10 to 0.16 in the three cases. The corresponding HD~ is essentially of the order unity. For HD~, the physics is more complex, as it involves beams with unequal sizes and divergences. Computer simulations using the code ABELl have been performed under the above argument of negligible plasma effects, to estimate both HD~ and HD~. These results are also shown in Table 1 . We see that the resultant luminosity can, in principle, be raised by a factor N 12 to 23. Assuming a collision repetition rate of fP = 120/ set, the luminosity will be enhanced to N 6
to 30 x 1030 cmm2.
So far we have studied the luminosity enhancement in an ideal situation. It is important to study sensitivity of the scheme to various nonperfect conditions.
The issue can be generally categorized in three types: fluctuation of various beam parameters, fluctuation of plasma density and thickness, and the transverse jitters between the two colliding beams.
In the underdense regime, the focusing strength and the optics are determined by the plasma density. Thus the system is relatively insensitive to the fluctuation of beam parameters, as long as the underdense condition is sufficiently satisfied.
On the other hand, the fluctuation on the plasma density causes the variation of waist of the p-function, we demand we obtain the constraint
To ensure that the beams collide around the that 6s* <, ,0*. Combining Eqs. (5) and (6), (13) For our parameters, this corresponds to SnP/nP 2 30%, which is not at all stringent.
Unlike conventional optics, in the self-focusing plasma lens, the axis of symmetry is determined by the incoming beam axis and the initial offset is not proportionally demagnified. It is thus essential to express the tolerance on such beam jitters in terms of the initial beam size. The condition for less than one e-folding of the lcinlc instabiEity at the time when the two beam cores collide is found to bel5
For our parameters, we find the constraint to be r5r/afo =S 15%. This is somewhat stringent, but not incompatible with the current SLC running condition.
We have seen that the proposed scheme of beam self-induced tunneling ionization, with the subsequent self-focusing and collision in a plasma, looks quite promising. There are, however, several issues yet to be addressed. As the field is dependent on (r, z) in a bi-Gaussian beam, the tunneling ionization is generally In our examples, the peak fields are 7.5 to 12.6 eV/A, so the front-most points of saturation are z, 11 -1.80, to -2.la,, respectively. Since the field also varies radially, the saturation near the core of the beam is not reached as rapidly. In fact, the tunneling ionization would never penetrate down to the beam axis, where the field vanishes. This results in a ring-shaped region of plasma. In this paper, the degradation off the plasma focusing and off the effective number of bunch particles was not included in the luminosity calculations, so our result is an over estimate in this regard. However, since the peak field in our examples are way above the threshold, the inner radius of the plasma "ring" is a small fraction of bzo, even at the start of the lens. As the beam becomes tighter during focusing, the inner radius will shrink rapidly; thus the degradation should not be too severe.
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